In the solution of boundary value problems, usually zero eigenvalue is ignored. This case also happens in calculating the eigenvalues of matrices, so that we would often like to find the nonzero solutions of the linear system AX = λX when λ = 0. But λ = 0 implies that detA = 0 for X = 0 and then the rank of matrix A is reduced at least one degree. This comment can similarly be stated for boundary value problems. In other words, if at least one of the eigens of equations related to the main problem is considered zero, then one of the solutions will be specified in advance. By using this note, first we study a class of special functions and then apply it for the potential, heat, and wave equations in spherical coordinate. In this way, some practical examples are also given.
Introduction
Let us consider the following sequences: in which a(z) can be a complex (or real) function and n is a positive integer number. It is not difficult to verify that both of these sequences satisfy a unique second-order differential equation in the form a 2 (z)a (z)y + a(z) a (z) 2 − a 2 (z)a (z) y − n 2 a (z) 3 y = 0, (
2 Zero Eigenvalue in Potential, Heat, and Wave Equations provided that a 2 (z)a (z) = 0. Hence, we face only one class of special functions, which is in fact the solution of (1.2). The functions C n (z;a(z)) and S n (z;a(z)) have several subcases that can be useful to study. The first subcase is the Chebyshev polynomials if one takes a(z) = exp(iArc cos z) and uses the well-known Euler relation. In this case, the following sequences will be derived:
where T n (z) and U n (z) are, respectively, the first and second kinds of Chebyshev polynomials [1] . Moreover, if the selected a(z) is replaced in (1.2), the differential equation of the first-kind Chebyshev polynomials
will be obtained. Rational Chebyshev functions are the second subcase that can be generated by choosing a(z) = exp(iArc cotgz). So, for this case we get
But replacing the assigned a(z) in (1.2) yields
(1.6) Therefore the functions (1.5) eventually satisfy the equation
Note that the explicit forms of the real functions C n (z;exp(iArc cot gz)) and −iS n (z;exp (iArc cot gz)) can be extracted by the Moivre's formula directly. To reach this purpose, let us substitute θ = Arc cot gx in the mentioned formula to get
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Consequently we have
(1.9)
Here one can observe that the Chebyshev rational functions T * n (x) and U * n (x) are orthogonal with respect to the weight function W(x) = 1/(1 + x 2 ) on (−∞,∞) and have the following orthogonality properties, respectively,
(1.10)
Let us point out that Boyd in [2] applied the rational functions T * n ((x 1/2 − x −1/2 )/2) on a semi-infinite interval [0,∞) for using in spectral methods, and here we mention that the foresaid functions can be derived only by replacing
But it is known that the Legendre (or associated Legendre) differential equation [ 
has been solved in the three following cases in the Cartesian coordinate: (a) p = 0, q = 0 that generates the associated Legendre functions; (b) p = 0, q = 0 that generates the Legendre polynomials; (c) p = 0, q = 0 that is reduced to the simple equation
Hence, a fourth case p = 0, q = 0 remains, which is different from the three above-mentioned cases and should be solved. To reach the solution, let us substitute (1.2) . This leads to arrive at the differential equation:
which is a particular case of (1.11) for p = 0, q = n 2 . According to (1.1), the solutions of this equation are, respectively,
(1.13) which is the same as (1.11) for x = Cosθ. Thus, if z = Cos θ is considered in (1.12) or equivalently a(z) = tg(z/2) in (1.2), then the special case of (1.14) for m = 0, that is,
has the following solutions:
(1.16) These sequences will be used in the given problems of the next section.
Application of functions (1.16) for the potential, heat, and wave equations in spherical coordinate
Usually most of the boundary value problems related to the wave, heat, and potential equations in spherical coordinate are reduced to the Helmholtz partial differential equation [1] , which is mentioned in the form ∇ 2 U(r,θ,Φ) = k 2 U(r,θ,Φ). But k = 0 in this relation implies
to be the potential (Laplace) equation in spherical coordinate [3] . Now, if the related variables are separated as U(r,θ,Φ) = R(r)A(θ)B(Φ), then the ordinary differential equations of (2.1) will appear as follows: 
The general solution of this problem, according to the given conditions and assuming
On the other hand, putting the last condition (2.5d) in the above relation yields 
Thus, the specific solution of the potential equation under the given conditions is
(2.9)
As we see, a special case of the functions (1.1) appeared in the above solution.
Similarly one can propound application of zero eigenvalue for the heat and wave equations, respectively. For instance, if the heat equation ∇ 2 U = ∂U/∂t is considered, then separating the variables as U 
(r,θ,Φ,t) = S(r,θ,Φ)T(t), where S(r,θ,Φ) = R(r)A(θ)B(Φ), yields

